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Abstract. We investigate the mass differences ∆MBd,s in B0
d,s–B̄

0
d,s mixing with a new up-like quark t′ in

the sequential fourth generation model. We give the basic formulae for ∆MBd,s in this model and obtain
two kinds of numerical results for ∆MBs as a function of mt′ . We find that one of our results can satisfy
the present experimental lower bound of ∆MBs . We also get the constraints of the fourth generation CKM
factor V ∗

t′bVt′d, as a function of t′, from the experimental measurements of ∆MBd . Thus, ∆MBd,s provides
a possible test of the fourth generation and may give a signal of new physics.

1 Introduction

The standard model (SM) is a very successful theory of
the elementary particles known today. But it must be in-
complete because it has too many unpredicted parameters
(nineteen!) to be put in by hand. Most of these parame-
ters are in the fermion part of the theory. We do not know
the source of the quarks and leptons, nor how to obtain
their mass and number theoretically. We have to get in-
formation of them all from experiment.

From the point of view of phenomenology, for fermions,
there is a realistic question as to the number of the fermion
generations, or whether there are other additional quarks
or leptons. The present experiments tell us there are only
three generations of fermions with light neutrinos with
masses smaller than MZ/2 [1]. But the experiments do
not exclude the existence of other additional generations,
such as the fourth generation, with a heavy neutrino, i.e.
mν4 ≥ MZ/2 [2]. Many authors have studied models which
extend the fermion part, such as vector-like quark models
[3], sterile neutrino models [4] and the sequential fourth
generation standard model (SM4) [5] which we study in
this note. We consider a sequential fourth generation non-
SUSY model [5], to which is added an up-like quark t′, a
down-like quark b′, a lepton τ ′, and a heavy neutrino ν′
in the SM. The properties of these new fermions are all
the same as their corresponding counterparts of the other
three generations except their masses and CKM mixing;
see Table 1.

There are a lot of references about the fourth gener-
ation [5–8]. In our previous papers [7,8], we investigated
the rare B-meson decays with the fourth generation [7]
and ε′/ε in the K0 systems in SM4 [8]. We got some inter-
esting results, such as new effects of the fourth generation
particles on the meson decays and CP violation. We also
got the constraints of the fourth generation CKM matrix

Table 1. The elementary particle spectrum of SM4

up-like down-like charged neutral
quark quark lepton lepton

u d e νe

SM fermions c s µ νµ

t b τ ντ

new fermions t′ b′ τ ′ ντ ′

factors, like V ∗
t′sVt′b from B → Xsγ [7] and V ∗

t′sVt′d from
ε′/ε [8]. In other words, these rare decays provide possible
tests of the existence of a fourth generation.

In this note, we study the mass difference ∆MBd,s
in

the B0–B̄0 system [10,11] with a fourth generation. We
will give the prediction of ∆MBs

in SM4 and obtain the
constraints of the new fourth generation CKM matrix fac-
tor V ∗

t′bVt′d from ∆MBd
. Particle–antiparticle mixings are

responsible for the small mass differences between the
mass eigenstates of the neutral mesons, such as ∆MK

in KL–KS mixing and ∆MBd,s
in B0–B̄0 mixing. Being

FCNC processes, they involve heavy quarks in loops and
consequently are perfect testing grounds for heavy flavor
physics. For example, B0–B̄0 mixing [12] gave the first in-
dication of a large top quark mass. KL–KS mixing is also
closely related to the violation of the CP symmetry which
is experimentally known since 1964 [13]. These are sensi-
tive measures of the top quark t couplings Vti(i = d, s, b)
and of the top quark mass mt. The experimental mea-
surement of ∆MBd

is used to determine the CKM matrix
elements Vtd [10]. It offers an improved determination of
the unitarity triangle with the use of the future accurate
measurement of ∆MBs

[10,11]. For physics beyond the
SM, there are a number of studies of such effects in Bd

decays [14,11,15]. But the Bs system has received some-
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what less attention from the new physics point of view [16,
11,15]. Experimentally, ∆MBd

has been accurately mea-
sured: ∆MBd

= 0.473±0.016 ps−1 [11,17]. But ∆MBs has
only a lower bound: ∆MBs > 14.3 ps−1 [11,18,17].

In this note, we want to investigate ∆MBd,s
in B0–

B̄0 mixing in SM4. First, if we add a sequential fourth
up-like quark t′, there is produced a new prediction of the
mass difference∆MBs through the newWilson coefficients
which are related to the fourth generation CKM matrix
factors V ∗

t′sVt′b. These factors are constrained by the rare
decays B → Xsγ in [7]. We find that our results of the
prediction of ∆MBs

in SM4 are quite different from that
of SM and can satisfy the lower experimental bound in one
case of the values V ∗

t′sVt′b. In another case, the results are
almost the same as in SM. The new effects of the fourth
generation show up clearly in the first case. Second, we get
the constraint of the fourth generation CKMmatrix factor
V ∗

t′bVt′d from the experimental measurement of∆MBd
. We

get one kind of reasonable analytical solution of V ∗
t′bVt′d.

This is very small, −1.0 × 10−4 ≤ V ∗
t′bVt′d ≤ 0.5 × 10−4.

These results do not contradict the unitarity constraints
for the d, b quarks [19].

In Sect. 2, we give the basic formulae for the mass dif-
ference ∆MBd,s

in B0–B̄0 with the sequential fourth gen-
eration up-like quark t′ in the SM4 model. In Sect. 3, we
give the prediction of mass difference ∆MBs in SM4 and
the numerical analysis. Section 4 is devoted to the numer-
ical analysis of the fourth generation CKM matrix factors
V ∗

t′bVt′d from the experimental measurements of the mass
difference ∆MBd

in SM4. Finally, in Sect. 5, we give our
conclusions.

2 Basic formulae for ∆MBd,s
with t′

B0
d,s–B̄

0
d,s mixing proceeds to an excellent approximation

only through box diagrams with internal top quark ex-
changes in SM. In SM, the effective Hamiltonian Heff
(∆B = 2) for B0

d,s–B̄
0
d,s mixing, relevant for scales µb =

O(mb), is given by [10]

H∆B=2
eff =

G2
F

16π2M
2
W (V ∗

tbVtq)2S0(xt)Q(∆B = 2) + h.c., (1)

where Q(∆B = 2) = (b̄αqα)V −A(b̄βqβ)V −A, with q = d, s
for B0

d,s–B̄
0
d,s respectively, and S0(xt) is the Wilson coef-

ficient which is taken in the form [10]

S0(xt) =
4xt − 11x2

t + x3
t

4(1− xt)2
− 3

2
· x3

t

(1− xt)3
· lnx, (2)

where xt = m2
t/M

2
W . The mass differences ∆Md,s can

be expressed in terms of the off-diagonal element in the
neutral B-meson mass matrix:

∆Md,s = 2|Md,s
12 |,

2mBd,s
|Md,s

12 | = |〈B̄0
d,s|Heff(∆B = 2)|B0

d,s〉. (3)

In SM4, if we add a fourth sequential fourth generation
up-like quark t′, the above equations would be subjected

t´

t´

W W

b
–

d
–
, s

–

d,s b

W

W

t´ t´

b
–

d
–
, s

–

d,s b

Fig. 1. The additional box diagrams to B0
d,s–B̄

0
d,s with the

fourth up-like quark t′

to some modification. There exist other box diagrams con-
tributed by t′ (see Fig. 1), similar to the leading box di-
agrams in MSSM [15]. The effective Hamiltonian in the
standard model, (1), changes to the form [20]

H∆B=2
eff =

G2
F

16π2M
2
W

[
ηt(V ∗

tbVtq)2S0(xt)

+ ηt′(V ∗
t′bVt′q)2S0(x′

t)

+ ηtt′(V ∗
t′bVt′q) · (V ∗

tbVtq)S0(xt, x
′
t)

]
Q(∆B = 2)

+ h.c. (4)

The mass differences ∆Md,s in SM4 can be expressed by

∆Md =
G2

F

6π2M
2
WmBd

(B̂Bd
F̂ 2

Bd
)
[
ηt(V ∗

tbVtd)2S0(xt)

+ ηt′(V ∗
t′bVt′d)2S0(xt′)

+ ηtt′(V ∗
t′bVt′d) · (V ∗

tbVtd)S0(xt, xt′)
]
, (5)

∆Ms =
G2

F

6π2M
2
WmBs(B̂Bs F̂

2
Bs
)
[
ηt(V ∗

tbVts)2S0(xt)

+ ηt′(V ∗
t′bVt′s)2S0(xt′)

+ ηtt′(V ∗
t′bVt′s) · (V ∗

tbVts)S0(xt, xt′)
]
, (6)

where (B̂Bs F̂
2
Bs
) = ξ2

s · (B̂Bd
F̂ 2

Bd
). The new Wilson coeffi-

cients S0(xt′) represent the contribution of t′, which is like
S0(xt) in SM in (5), except for exchanging the t′ quark,
not the t quark. S0(xt, xt′) represents the contribution of
a mixed t–t′, which is taken in the form [21]

S0(x, y) = x · y
[
− 1

y − x

1
4
+

3
2

· 1
1− x

− 3
4

· 1
(1− x)2

lnx+ (y ↔ x)

− 3
4

· 1
(1− x)(1− y)

]
, (7)

where x = xt = m2
t/M

2
W , y = xt′ = m2

t′/M2
W . The numer-

ical results of S0(xt′) and S0(xt, xt′) are shown in Table 2.
The short-distance QCD correction factors ηt′ and ηtt′

can be calculated like ηc and ηct in K0–K̄0 mixing; the
NLO values are given in [10,20], relevant not for the scale
O(µc), but for O(µb). In leading order, ηt is calculated by

η0
t = [αs(µt)](6/23), (8)

αs(µt) = αs(MZ)

[
1 +

∞∑
n=1

(
β0

αs(MZ)
2π

In
MZ

µt

)n
]
,
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Table 2. The Wilson coefficients S0(xt′) and S0(xt, xt′) against mt′

m′
t (GeV) 50 100 150 200 250 300 350 400 450 500

S0(xt′) 0.33 1.07 2.03 3.16 4.44 5.87 7.47 9.23 11.15 13.25
S0(xt, xt′) 0.48 −7.03 −4.94 −5.09 −5.39 −5.87 −5.99 −6.25 −6.49 −6.72

m′
t (GeV) 550 600 650 700 750 800 850 900 950 1000

S0(xt′) 15.52 17.97 20.60 23.41 26.40 29.57 32.9336.47 40.96 44.11
S0(xt, xt′) −6.92 −7.11 −7.28 −7.44 −7.60 −7.74 −7.87 −7.99 −8.12 −8.23

Table 3. The short-distance QCD factors ηt′ , ηtt′(= ηt′) against mt′

m′
t (GeV) 50 100 150 200 250 300 350 400 450 500

ηt′ 0.968 0.556 0.499 0.472 0.455 0.443 0.433 0.426 0.420 0.416

m′
t (GeV) 550 600 650 700 750 800 850 900 950 1000

ηt′ 0.412 0.408 0.405 0.401 0.399 0.396 0.395 0.393 0.391 0.389

Table 4. Numerical values of the input parameters [11]

mc(mc(pole)) 1.25 ± 0.05GeV MW 80.2GeV

mt(mt(pole)) 175GeV F̂Bd

√
B̂Bd 215 ± 40MeV

∆MBd (0.473 ± 0.016) ps−1 ξs 1.14 ± 0.06
∆MBs > 14.3 ps−1 GF 1.166 × 10−5 GeV−2

with its numerical value in Table 3. The formulae of the
factor ηt′ are similar to the above equation except for ex-
changing t by t′. For simplicity, we take ηtt′ = ηt′ .

The other input parameters necessary in this note are
also given (see Table 4).

3 Prediction of ∆MBs with t′

Experimentally, the mass difference ∆MBs of the B0–B̄0

mixing is unclear. It has only a lower bound, ∆M exp
Bs

>

14.3 ps−1 [11,18]. We have given the calculation formula
of ∆MBs in (6) and the numerical results of the Wilson
coefficients S0 and the QCD correction coefficients η. If
we constrain the fourth generation CKM factor V ∗

t′bVt′s,
we can predict ∆MBs in the SM4. Fortunately, from our
previous paper [7], we have obtained the constraints of
V ∗

t′bVt′s from the experimental measurements of B → Xsγ.
Here, we give only the basic scheme and the final numer-
ical results.

The leading logarithmic calculations can be summa-
rized in a compact form as follows [10]:

Rquark =
Br(B → Xsγ)
Br(B → Xceν̄e)

=
|V ∗

tsVtb|2
|Vcb|2

6α
πf(z)

|Ceff
7 (µb)|2.

(9)
In the case of four generations there is an additional con-
tribution to B → Xsγ from the virtual exchange of the
fourth generation up quark t′. The Wilson coefficients of

the dipole operators are given by

Ceff
7,8(µb) = C

(SM)eff
7,8 (µb) +

V ∗
t′sVt′b

V ∗
tsVtb

C
(4)eff
7,8 (µb), (10)

where C
(4)eff
7,8 (µb) represent the contributions of t′ to the

Wilson coefficients, and V ∗
t′sVt′b is the fourth generation

CKM matrix factor which we need now. With these Wil-
son coefficients and the experiment results of the decays of
B → Xsγ and Br(B → Xceν̄e) [22,19], we obtain the re-
sults of the fourth generation CKM factor V ∗

t′sVt′b. There
exist two cases:

V ∗
t′sV

(+)
t′b =

[
C

(0)eff
7 (µb)− C

(SM)eff
7 (µb)

] V ∗
tsVtb

C
(4)eff
7 (µb)

=

[√
Rquark|Vcb|2πf(z)

|V ∗
tsVtb|26α − C

(SM)eff
7 (µb)

]

× V ∗
tsVtb

C
(4)eff
7 (µb)

, (11)

V ∗
t′sV

(−)
t′b =

[
−

√
Rquark|Vcb|2πf(z)

|V ∗
tsVtb|26α − C

(SM)eff
7 (µb)

]

× V ∗
tsVtb

C
(4)eff
7 (µb)

. (12)

The numerical values are shown in Table 5. With these
values, we can give the prediction of ∆MBs in SM4 in
Fig. 2.



278 W.-J. Huo: Effects of the fourth generation on ∆MBd,s in B0–B̄0 mixing

0 200 400 600 800 1000
mt

-100

0

100

200

300

400

500
M

B
s(p

s-1
)

SM prediction
SM4 prediction

Low Bound of Exp. ave. = 14.3 ps
-1

   

0 200 400 600 800 1000
mt

10

12

14

16

18

20

M
B

s(p
s-1

)

SM prediction
SM4 prediction

Low Bound of Exp. ave. = 14.3 ps
-1

   

a b

Fig. 2a,b. Prediction of ∆MBs against mt′ in SM4 when V ∗
t′sVt′b takes a positive and b negative values

Table 5. The values of V ∗
t′s · Vt′b due to the masses of t′ for Br(B → Xsγ) = 2.66 × 10−4

mt′ (GeV) 50 100 150 200 250 300 350

V ∗
t′sV

(+)
t′b /10−2 −11.591 −9.259 −8.126 −7.501 −7.116 −6.861 −6.580

V ∗
t′sV

(−)
t′b /10−3 3.564 2.850 2.502 2.309 2.191 2.113 2.205

mt′ (GeV) 400 500 600 700 800 900 1000

V ∗
t′sV

(+)
t′b /10−2 −6.548 −6.369 −6.255 −6.178 −6.123 −6.082 −6.051

V ∗
t′sV

(−)
t′b /10−3 2.016 1.961 1.926 1.902 1.885 1.872 1.863

The mass differences ∆MBs in these two cases are
shown in Fig. 2a,b respectively. In the second case, in
which V ∗

t′sVt′b takes a positive value, i.e. (V ∗
t′sV

−
t′b), the

curve of ∆MBs against mt′ almost overlaps with that of
SM. That is, the results in SM4 are the same as that in
SM. In this case, there does not show up new effects of t′.
The mass difference ∆MBs is still unclear. We cannot ob-
tain information on the existence of the fourth generation
from ∆MBs

, nor can we exclude it. The reason is that,
from Table 5, although the values of V ∗

t′sV
(−)
t′b are posi-

tive, they are of order 10−3 and so are very small. The
values of V ∗

tsVtb are about ten times larger than those of
V ∗

ts = 0.038, Vtb = 0.9995 [19]. Furthermore, the last two
terms on mt′ in (6) are approximately of the same order.
The contributions of them counteract each other.

But in the second case the values of V ∗
t′sVt′b are nega-

tive, i.e. (V ∗
t′sV

(−)
t′b ). The curve of ∆MBs is quite different

from that of the SM. This can clearly be seen from Fig. 2b.
The enhancement of ∆MBs

increases rapidly with increas-
ing of the t′ quark mass. In this case, the fourth generation
effects are shown clearly. The reason is that V ∗

t′sV
(+)
t′b is 2–3

times larger than V ∗
tsV̇tb so that the last two terms on mt′

in (6) becomes important and it strongly depends on the

t′ mass. Thus, the effect of the fourth generation is signifi-
cant. Meanwhile, the prediction of ∆MBs in SM4 can sat-
isfy the experimental lower bound of ∆MBs ≥ 14.3 ps−1.
So the sequential fourth generation model could be one of
the ways of searching new physics on ∆MBs . If V

∗
t′sVt′b is

chosen in this case, the mass difference ∆MBs in B0–B̄0

mixing can give a good probe of the existence of the fourth
generation.

4 Constraints of the
fourth generation CKM factor V ∗

t′bVt′d
from experimental measurements of ∆MBd

Unlike ∆MBs , the mass difference ∆MBd
of B0

d–B̄
0
d mix-

ing is experimentally clear, ∆M exp
Bd

= 0.473 ± 0.016 ps−1

[11]. We can get the constraints of the fourth generation
CKM factor V ∗

t′bVt′d from the present experimental value
of ∆MBd

.
We change the form of (5) as a quadratic equation of

V ∗
t′bVt′d. By solving it, we can get two analytical solutions

V ∗
t′dV

(1)
t′b (in which the absolute value is large) and V ∗

t′dV
(2)
t′b

(in which the absolute value is small), just like the other
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Fig. 3a,b. Constraint of the fourth generation CKM factor V ∗
t′dVt′b to a |VtdV ∗

tb| with mt′ ranging from 50GeV to 800GeV,
b to mt′ with |VtdV ∗

tb| ranging from 0.005 to 0.013

fourth generation CKM matrix factor V ∗
t′sV

(±)
t′b [8] in the

last section.
However, experimentally, it is not accurate for the mea-

surement of the CKM matrix element Vtd [10,19]. So, we
have to search other ways to solve this difficulty. For-
tunately, we have the CKM unitarity triangle [23], i.e.
the graphic representation of the unitarity relation for d, b
quarks, which come from the orthogonality condition on
the first and third row of VCKM,

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. (13)

From the above equation, we can give the constraints of
VtdV

∗
tb [24],

0.005 ≤ |VtdV
∗
tb| ≤ 0.013. (14)

Then we can give the final results as shown in Fig. 3a,b.
We must announce that Fig. 3 shows the curves with

V ∗
t′dV

(2)
t′b (the absolute value is the small one) only. This is

because the absolute value of V ∗
t′dV

(1)
t′b is generally larger

than 1. This is in contradiction with the unitarity of the
CKM matrix. So we do not study this solution. From
Fig. 3, we find that all curves are in the range from −1 ×
10−4 to 0.5×10−4 when we are considering the constraint
of VtdV

∗
tb. That is to say, the absolute value of V ∗

t′dVt′b is
about ∼ 10−4, two orders smaller than the sum of the first
three ones on the left of (14). Considering that the data
of the CKM matrix are not very accurate, the values of
V ∗

t′dV
(2)
t′b are safely in the error range of the sum of these

first three terms and do not contradict the CKM matrix
unitarity constraints.

5 Conclusion

We have investigated the mass differences∆MBd,s
inB0

d,s–
B̄0

d,s mixing with a new up-like quark t′ in a sequen-
tial fourth generation model. The fourth generation quark
t′ will obviously give new effects on the mass difference
∆MBd,s

if it really exists. At least, the present experimen-
tal statue of∆MBd,s

could not exclude the existence of the
fourth generation. Furthermore, the progress of theoreti-
cal calculation and experimental measurement of ∆MBd,s

could provide a strong test of the existence of the fourth
generation. In other words, indicating one of the directions
beyond the SM,∆MBd,s

could provide possible tests of the
fourth generation and signals of new physics.
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